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Abstract
In Discrete Math. 184 (1998) 267, the authors extended the splitting operation of graphs to binary
matroids. In this paper, we characterize the set of bases of a splitting matroid and give some of its
applications. c© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction
The splitting operation for a graph is defined in the following way [1]: let G be a graph
and let v be a vertex of degree at least three in G. If x = vv1 and y = vv2 are two edges
incident at v, then splitting away the pair x, y from v results in a new graph Gx,y obtained
from G by deleting the edges x and y, and adding a new vertex vx,y adjacent to v1 and v2.
The transition from G to Gx,y is called the splitting operation on G. For practical purposes,
we also denote the new edges vx,yv1 and vx,yv2 in Gx,y by x and y, respectively. The graph
G can be retrieved from Gx,y by identifying the vertices v and vx,y . We say that Gx,y arises
from G by the splitting operation.
We illustrate this construction with the help of Fig. 1.
We observe that if the graph G is connected, the graph Gx,y may or may not be
connected. Indeed, the Splitting Lemma of Fleischner [1, p. III-29] provides necessary
conditions for such an operation to preserve connectedness.
Splitting Lemma. Let H be a connected bridgeless graph. Suppose v ∈ V (H ) with
d(v) > 3 and b1, b2, b3 are edges incident at v. Form the graphs H1,2 and H1,3 by splitting
away the pairs b1, b2 and b1, b3 respectively, and assume that b1 and b3 belong to different
blocks if v is a cut vertex of H . Then either H1,2 or H1,3 is connected and bridgeless.
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Fig. 1. A graph and its splitting.
In particular if v is a cut vertex, then H1,3 has this property. Finally, if B ⊆ H is a block
and b1, b2, b3 are edges in B then both H1,2 and H1.3 are connected. 
The splitting operation has important applications in graph theory. For example,
Fleischner [1] characterized Eulerian graphs using the splitting operation. Moreover, he
developed an algorithm to find all distinct Eulerian trails in an Eulerian graph using this
operation. In [7], Tutte classified 3-connected graphs using slight modification of the
splitting operation.
A matroid M is a pair (S, C) consisting of a finite set S and a collection C of nonempty
subsets of S satisfying the following two axioms:
Axiom 1. If C1 and C2 are members of C and C1 ⊆ C2, then C1 = C2.
Axiom 2. If C1,C2 ∈ C, C1 = C2 and u ∈ C1 ∩ C2, then there is a member C3 of C such
that C3 ⊆ (C1 ∪ C2)− {u}.
If M = (S, C), we say that M is a matroid on S. The members of C are the circuits of
M , and S is the ground set of M . We often write C(M) for C.
The matroid M is said to be binary if whenever C1 and C2 are two distinct circuits of
M , the symmetric difference C1C2 contains a circuit of M . Equivalently, M is binary if
it is representable over G F(2) (see [3]).
A subset E of S is said to be independent in M if and only if E does not contain any
member of C. A base of M is a maximal independent set of M . The set of all bases of M
is denoted by B. The matroid M is said to be Eulerian if S is a union of disjoint circuits
of M .
In [4], the authors extended the notion of the splitting operation of graphs to binary
matroids in the following way: let M = (S, C) be a binary matroid and x, y be two elements
of S.
Let C0 = {C ∈ C : x, y ∈ C , or x, y /∈ C}, and C1 = {C1 ∪C2 : C1,C2 ∈ C,C1 ∩C2 =
φ, x ∈ C1, y ∈ C2, and C1 ∪ C2 contains no member of C0}.
Let C ′ = C0 ∪ C1. Then the pair (S, C ′) is a binary matroid. We denote this matroid by
Mx,y and say that Mx,y has been obtained from M by splitting the pair of elements x , y.
Moreover, the transition from M to Mx,y is called a splitting operation. We note that an
arbitrary circuit of Mx,y contains either both x and y, or neither.
In this paper, we give a constructive characterization of the set of bases of the matroid
Mx,y and provide some applications of these results to graphs as well as to binary matroids.
For undefined notation and terminology in graphs and matroids, we refer the reader
to [1–3, 8].
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Fig. 2. Construction of a spanning tree of Gx,y .
2. The bases of a splitting matroid
Firstly, we show how the maximal acyclic subgraphs of the graph Gx,y can be obtained
from the maximal acyclic subgraphs of G.
Suppose that the graph G is connected and the graph Gx,y is disconnected. Then it
follows, by the Splitting Lemma, that v, the common end vertex of x and y, must be a cut
vertex of G and x, y belong to the same component of G. In such a case, if T is a spanning
tree of G then 〈T 〉, the subgraph of Gx,y induced by the edges of T , is a maximal acyclic
subgraph of Gx,y . Indeed, all maximal acyclic subgraphs of Gx,y are obtainable this way.
Next, assume that the graph G and the splitting graph Gx,y both are connected. Let T
be a spanning tree of G. Then 〈T 〉 is an acyclic subgraph of Gx,y having two components.
By adding an edge of Gx,y that joins the two components of 〈T 〉, we obtain a spanning tree
of Gx,y , and all spanning trees of Gx,y can be constructed in this way.
As an example, consider the graphs G and Gx,y shown in Fig. 1. Both the graphs are
connected. Consider the spanning tree T of G as shown in Fig. 2(i).
The corresponding subgraph 〈T 〉 of Gx,y , induced by the edges of T , is shown in
Fig. 2(ii). The subgraph 〈T 〉 ∪ v2v3 of Gx,y obtained by adding the edge v2v3 to 〈T 〉 is
the spanning tree of Gx,y (see Fig. 2(iii)). In general, if g is an edge of G that joins two
components of 〈T 〉, then 〈T 〉 ∪ g is a spanning tree of Gx,y .
We know that if T1 is a spanning tree of G and f is an edge of G which is not in T1
then T1 ∪ f contains a unique cycle of G, called the fundamental cycle of f with respect
to T1. It is important to note that, in the above construction, g is an edge of G such that the
fundamental cycle of G contained in T ∪ g contains only one of the two edges x and y.
In the above example, the fundamental cycle of v2v3 with respect to the spanning tree T
contains the edge y only (see Fig. 2(iv)).
The above discussion provides a motivation to prove that the set of bases of the matroid
Mx,y can be constructed from the set of bases of M .
Let M = (S, C) be a binary matroid and let x, y be two elements of S. If every circuit
of M contains both x and y, or neither, then C ′ = C0 = C and Mx,y = M . In such a case,
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r ′(Mx,y) = r(M) where r and r ′ denote the rank functions of M and Mx,y , respectively. If
M has a circuit that contains precisely one of x and y, then r ′(Mx,y) = r(M)+ 1.
In the following discussion, we assume that the matroid M has a circuit which contains
precisely one of the two elements x and y. If B be a base of M and α ∈ S− B , then there is
a unique circuit C of M such that C ⊆ B ∪ {α}. Indeed, we call C the fundamental circuit
of α with respect to B . If C contains both x and y, or neither, then C is a circuit of Mx,y
and therefore, B ∪ {α} is dependent in Mx,y . If the circuit C contains precisely one of x
and y, then B ∪ {α} is a base of Mx,y .
In the following theorem, we give a constructive characterization of the set of bases of
a splitting matroid.
Theorem 2.1. Let M = (S, C) be a binary matroid and x, y ∈ S. Let B be the set of all
bases of M. Let
Bx,y = {B ∪ {α} : B ∈ B, α ∈ S − B and the unique circuit
contained in B ∪ {α} contains either x or y}.
Then Bx,y is a set of bases of Mx,y .
Proof. Let B ∈ B and let α ∈ S − B be such that B ∪ {α} satisfies the required condition.
We prove that B ∪ {α} is a base of Mx,y . Firstly, we show that B ∪ {α} is independent in
Mx,y . On the contrary, suppose that B∪{α} is dependent in Mx,y . Then it contains a circuit
C1 of Mx,y . If C1 is a member of C0 then it contradicts the fact that the unique circuit of
M contained in B ∪ {α} contains either x or y. So, assume that C1 is a member of C1 and
C1 = C2∪C3 where C2 and C3 are disjoint circuits of M such that x ∈ C2, y ∈ C3 and C1
contains no member of C0. If α is different from x and y then C2,C3 ⊆ B , a contradiction
to the fact that B is a base of M . If α = x then C3 ⊆ B , and if α = y then C2 ⊆ B , a
contradiction. We conclude that B ∪ {α} is independent in Mx,y . That the set B ∪ {α} is
maximal independent in Mx,y follows from the fact that
r ′(B ∪ {α}) = |B ∪ {α}| = |B| + 1 = r(M)+ 1 = r ′(Mx,y)
where r and r ′ denote the rank functions of M and Mx,y , respectively.
Conversely, let B ′ be a base of Mx,y . Since |B ′| = r ′(Mx,y) = r(M)+1, B ′ is dependent
in M , so it contains a circuit C of M . By hypothesis, B ′ is an independent set of Mx,y and
therefore, C cannot be a member of C ′. Consequently, C must contain one of the two
elements x and y, say x . We show that B ′ − {x} is a base of M . If B ′ − {x} is dependent in
M , then it contains a circuit C ′ of M . We consider the following two cases:
(i) y /∈ C ′. Then C ′ is a circuit of M that contains neither x nor y and therefore, it is a
circuit of Mx,y which is contained in B ′. This is a contradiction to the fact that B ′ is
a base of Mx,y .
(ii) y ∈ C ′. If C∩C ′ = φ, then there is a circuit C ′′ of M such that x, y ∈ C ′′ ⊆ C∪C ′ ⊆
B ′. But then C ′′ is a circuit of Mx,y which is contained in B ′, a contradiction. If
C ∩ C ′ = φ, then C ∪ C ′ is a circuit of Mx,y contained in B ′, again a contradiction.
M.M. Shikare, G. Azadi / European Journal of Combinatorics 24 (2003) 45–52 49
Hence B ′ − {x} is an independent set of M . Further,
r(B ′ − {x}) = |B ′ − {x}| = |B ′| − 1 = r ′(Mx,y)− 1 = r(M)
shows that B ′ − {x} is a maximal independent set, that is, a base of M . 
When specialized to graphs, we obtain the following result.
Corollary 2.2. Let G be a connected graph and x = vv1, y = vv2 be a pair of adjacent
edges of G. Assume that x and y belong to different blocks if v is a cut vertex of G. Let T
be a spanning tree of G and g /∈ E(T ). Then T ∪ g is a spanning tree of Gx,y if and only
if the fundamental cycle of g with respect to T contains precisely one of the two edges x
and y. 
Theorem 2.3. With the notations as in Theorem 2.1, let B ′ be a member of Bx,y. If the
unique circuit (of M) contained in B ′ contains the element x, then there is a member B of
B such that B ′ = B ∪ {x}.
Proof. It is enough to prove that the set B = B ′ − {x} is a base of M . Firstly, we show
that B is independent in M . On the contrary, if B is dependent, then it contains a circuit
C of M . If C does not contain y, then it is a circuit of Mx,y that is contained in B ′, a
contradiction. If y ∈ C , then C ⊆ B ⊆ B ′, x /∈ C , gives a contradiction to the fact that B ′
contains a unique circuit of M . We conclude that B is an independent set of M . Moreover,
from
r(B) = |B| = |B ′| − 1 = r ′(Mx,y)− 1 = r ′(M)
it is clear that B is maximal. This completes the proof. 
Remark. In general, if B ′ ∈ Bx,y and C is the unique circuit of M contained in B ′, then
it can be shown that, for every t ∈ C , B ′ − {t} = B0 is a base of M and B ′ = B0 ∪ {t}.
From the above theorem we obtain the following corollary.
Corollary 2.4. Let G be a connected graph and {x, y} be a pair of adjacent edges that
does not form a cut set of G. Then a subgraph T ′ of Gx,y is a spanning tree of Gx,y if
and only if there is a spanning tree T of G and an edge g of G such that T ′ = 〈T 〉 ∪ g
where 〈T 〉 is a subgraph of Gx,y, induced by the edges of T , and g joins two components
of 〈T 〉. 
3. Construction of the set Bx,y for arbitrary matroids
Let M = (S, C) be an arbitrary matroid and x, y ∈ S. Let B be the set of bases of M .
When M has a circuit that contains one of the two elements x and y, we define Bx,y, as in
Theorem 2.1; otherwise, take Bx,y = B.
The following example shows that Bx,y may not be a set of bases of a matroid when M
is non-binary.
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Example 3.1. Let S = {a, a′, b, b′, c, c′, d, d ′} and let A = {a, a′}, B = {b, b′},C =
{c, c′}, D = {d, d ′}. We define the matroid M on S so that all of its four-element subsets
except A ∪ B , A ∪ C , A ∪ D, B ∪ C and B ∪ D are bases of M . This matroid is denoted
by K8 and is knows as Vamos matroid (see [5]). The sets A ∪ B , A ∪ C , A ∪ D, B ∪ C ,
B ∪ D and all five-element subsets of S that do not contain any of these sets form the set
of circuits of M . We show that Bc,d does not form a set of bases of a matroid on S.
The set {a, a′, c′, d} is a member of B and {a, a′, c′, d} ∪ {c} = B ′1 contains the
circuit C1 = {a, a′, c, c′} which contains only c. Hence B ′1 ∈ Bc,d . Similarly, B ′2 ={a, b, b′, c′} ∪ {c} is a member of Bc,d . Now, a′ ∈ C1 − B ′2, and b, b′ are elements
of B ′2 which are not contained in B ′1. So (B ′1 − {a′}) ∪ {b} = {a, b, c, c′, d} and
(B ′1 −{a′})∪ {b′} = {a, b′, c, c′, d} are circuits of M each of which contains both c and d .
Thus neither (B ′1 − {a′})∪ {b} nor (B ′1 − {a′})∪ {b′} is a member of Bc,d . In fact a′ ∈ B ′1,
but there is no element u of B ′2 such that (B
′
1 − {a′}) ∪ {u} ∈ Bc,d . 
The next theorem states that if Bx,y is contained in the circuit set of M then it forms the
set of bases of a matroid on S.
Theorem 3.2. Let M = (S, C) be a matroid, and let Bx,y ⊆ C. Then Bx,y is a set of bases
for a matroid on S. In this case, Bx,y is a collection of circuits of M of size r(M)+ 1 that
contain either x or y.
Proof. If Bx,y ⊆ C then every member of Bx,y contains either x or y. We show that Bx,y
is a set of bases for a matroid on S. M has a circuit C that contains one of the two elements
x and y, say x . Extend C − {x} to a base B of M . Then B ∪ {x} is a member of Bx,y and
so Bx,y is nonempty. The members of Bx,y are equicardinal since the members of B are
equicardinal. Now suppose that B ′1 and B
′
2 are two members of Bx,y and t ∈ B ′1 − B ′2.
Then we show that there is an element u ∈ B ′2 − B ′1 such that (B ′1 −{t})∪ {u} is a member
of Bx,y . Assume that x ∈ B ′1, y ∈ B ′2 and the sets B1, B2 ∈ B such that B ′1 = B1 ∪ {x},
B ′2 = B2 ∪ {y}. If t = x then we choose u to be y. Now, the fundamental circuit contained
in (B ′1 − {x}) ∪ {y} = B1 ∪ {y} contains y but not x and hence it is a member of Bx .y . If
t = x , then t ∈ B1 − B2 and so there is a u ∈ B2 − B1 such that (B1 − {t}) ∪ {u} = B3 is
a member of B. Since x, y /∈ B3, (B ′1 − {t}) ∪ {u} = B3 ∪ {x} contains a circuit of M that
contains x but not y, therefore it is a member of Bx,y.
Now, let B ′ be a member of Bx,y. Then B ′ = B ∪ {α} for some set B ∈ B and the
element α ∈ S − B . Consequently, |B ′| = |B| + 1 = r(M) + 1. By definition of Bx,y, B ′
contains precisely one of x and y, and since Bx,y ⊆ C, B ′ is a circuit of M .
On the other hand, if C is a circuit of M containing, say x , and |C| = r(M) + 1 then,
by Theorem 2.3, C − {x} = B is a base of M . Thus C = B ∪ {x}, B ∈ B, x /∈ B implies
that C ∈ Bx,y. 
The following theorem states another property of the members of the set Bx,y .
Theorem 3.3. Let B ′1, B ′2 be two members of Bx,y, let B ′1 contains precisely one of
x, y and B ′2 contains both. If t ∈ B ′1 then there is an element u in B ′2 such that
(B ′1 − {t}) ∪ {u} ∈ Bx,y.
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Proof. Let x ∈ B ′1 and let C1, C2 be the circuits of M which are contained in B ′1 and B ′2,
respectively. We consider the following two cases:
(i) x ∈ C2. Choose the members B1, B2 ofB such that B ′1 = B1∪{x} and B ′2 = B2∪{x}.
If t = x , then we take u to be x and when t ∈ B ′2, we choose u to be t . Now, assume
that t ∈ B ′1 − B ′2. Then t ∈ B1 − B2. If t /∈ C1 then there is an element u ∈ B2 such
that (B1−{t})∪{u} ∈ B, therefore (B1− t)−{u})∪{x} = (B ′1−{t})∪{u} contains
the circuit C1 which contains x but not y, and hence it is a member of Bx,y. If t ∈ C1,
then B ′1 = B0 ∪ {t} for some set B0 in B and B0 = (B1 − {t}) ∪ {x}. We can choose
elements u1, u2, . . . , un in C2 − B0 such that for each i = 1, 2, . . . , n, B0 ∪ {ui }
contains a circuit, say C ′i . It follows that x ∈ C ′i for some i = 1, 2, . . . , n. If we
choose u to be ui , then B0 ∪ {ui } contains a circuit C ′i which contains only x ;
therefore, (B ′1 − {t}) ∪ {ui } ∈ Bx,y.(ii) y ∈ C2. We choose sets B1, B2 in B such that B ′1 = B1∪{x} and B ′2 = B2∪{y}. Let
t ∈ B ′1. If t = x , or t ∈ B ′2, we take u = y and u = t , respectively. Now assume that
t ∈ B ′1 − B ′2. If t /∈ C1 then we can select u ∈ B ′2 such that (B ′1 − {t}) ∪ {x} ∈ Bx,y.
If ((B1 −{t})∪ {x})∪ {y} = (B ′1 −{t})∪ {y} belong to Bx,y, we take u = y; otherwise
(B ′1 − {t}) ∪ {y} contains a circuit which contains x and y. It can be shown that there is an
element u in C2 different from y such that (B ′1 − {t}) ∪ {u} ∈ Bx,y . 
4. Applications
We observe that independent sets of a binary matroid are preserved under the splitting
operation. A dependent set of M becomes independent in Mx,y if it contains a unique
circuit of M that contains precisely one of the two elements x and y. We specify the
relationship between the number of independent sets of M and Mx,y .
The following results are well known.
Theorem 4.1 ([6]). A binary matroid M is Eulerian if and only if the number of
independent sets of M is odd. 
Theorem 4.2 ([4]). Suppose M is a binary matroid on a set S and x , y ∈ S. Then M is
Eulerian if and only if Mx,y is Eulerian. 
On combining these two theorems, we obtain the following result which gives the relation
between the number of independent sets of M and Mx,y .
Theorem 4.3. Let M be a binary matroid on a set S together with the collection F of
independent sets and x, y ∈ S. Let Fx,y denote the collection of independent sets of Mx,y .
Then |Fx,y| ≡ |F |(mod 2). 
The application of this to graphs is clear.
Theorem 4.4. Let G be a graph with the edge set E(G) and let x = vv1, y = vv2
be a pair of adjacent edges in G. Assume that x and y belong to different blocks
of G if v is a cut vertex of G. Let γ (respectively γx,y) be the number of subsets
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of E(G) (respectively E(Gx,y)) each of which is contained in a spanning tree of
G(respectively Gx,y). Then γx,y ≡ γ (mod 2). 
The above results can also be interpreted in terms of Tutte polynomials (see [10]). If
M is a matroid on the set S, r is its rank function and x1, x2 are variables, then the Tutte
polynomial of M , T (M; x1, x2) is defined by
T (M; x1, x2) =
∑
A⊆S
(x1 − 1)r(S)−r(A)(x2 − 1)|A|−r(A).
It is known that T (M; 2, 1) and T (Mx,y; 2, 1) count the number of independent sets in
M and Mx,y , respectively. The relation between the number of independent sets of M and
Mx,y now is given by the expression
T (Mx,y; 2, 1) ≡ T (M; 2, 1)(mod 2).
Welsh [9], and Wilde [11] gave different characterizations of binary Eulerian matroids.
On combining Theorem 2.1 with Theorem 4.2, we obtain the following interesting result.
Theorem 4.5. Let M be a binary matroid on the set S with |S| = n. Then M is Eulerian
if and only if M can be transformed, through repeated application of splitting procedure,
into the uniform matroid Un−1,n of rank n − 1. 
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